Analogue models for gravity intend to provide a framework where matter and gravity, as well as their intertwined dynamics, emerge from degrees of freedom that have a priori nothing to do with what we call gravity or matter. Bose Einstein condensates (BEC) are a natural example of analogue model since one can identify matter propagating on a (pseudo-Riemannian) metric with collective excitations above the condensate of atoms. However, until now, a description of the "analogue gravitational dynamics" for such model was missing. We show here that in a BEC system with massive quasi-particles, the gravitational dynamics can be encoded in a modified (semi-classical) Poisson equation. In particular, gravity is of extreme short range (characterized by the healing length) and the cosmological constant appears from the non-condensed fraction of atoms in the quasi-particle vacuum. While some of these features make the analogue gravitational dynamics of our BEC system quite different from standard Newtonian gravity, we nonetheless show that it can be used to draw some interesting lessons about "emergent gravity" scenarios.
Introduction
Analogue models for gravity have provided a powerful tool for testing (at least in principle) kinematical features of classical and quantum field theories in curved spacetimes [1] . The typical setting is the one of sound waves propagating in a perfect fluid [2, 3] . Under certain conditions, their equation can be put in the form of a Klein-Gordon equation for a massless particle in curved spacetime, whose geometry is specified by the acoustic metric. Among the various condensed matter systems so far considered, Bose-Einstein condensate (BEC) [4, 5] had in recent years a prominent role for their simplicity as well as for the high degree of sophistication achieved by current experiments. In a BEC system one can consider explicitly the quantum field theory of the quasi-particles (or phonons), the massless excitations over the condensate state, propagating over the condensate as the analogue of a quantum field theory of a scalar field propagating over a curved effective spacetime described by the acoustic metric. It provides therefore a natural framework to explore different aspects of quantum field theory in various interesting curved backgrounds (for example quantum aspects of black hole physics [6, 7] or the analogue of the creation of cosmological perturbations [8, 9] ). Unfortunately, up to now, the analogy with gravity is only partial: there is no analogy with some sort of (semiclassical) Einstein equations, since it has not been possible to put the fluid equations, which are those describing the dynamics of the acoustic metric, in a geometrical form which could eventually lead to a complete dynamical analogy with general relativity [10] . Our aim is to fill this gap and to gather from the description of the gravitational dynamics general lessons about possible features of "emergent gravity" scenarios.
In BEC, the effective emerging metric depends on the properties of the condensate wave-function. One can expect therefore the gravitational degrees of freedom to be encoded in the variables describing the condensate wave-function [5] , which is solution of the well known Bogoliubov-de Gennes (BdG) equation. The dynamics of gravitational degrees of freedom should then be inferred from this equation, which is essentially non-relativistic. The gravitodynamics of the BEC should therefore be the analogue of some sort of Newtonian gravity, and we shall reinterpret the BdG equation as a modified Poisson equation.
The "emerging matter", the quasi-particles, in the standard BEC, are phonons, i.e. massless excitations. Since we expect the quasi-particles to be the matter source in the Poisson equation, we run a priori into a problem: massless particles are not treatable in the framework of Newtonian mechanics. To avoid this issue, we shall then introduce a new term in the BEC Hamiltonian which will softly break the usual U (1) symmetry and therefore will allow the quasi-particles to acquire mass.
The plan of the paper is as follows. In the first section, we discuss the dynamics of the condensate and of the quasiparticles in the particular case of a BEC with a soft U (1) symmetry breaking term. We show how this modification affects the dynamics of the condensate, leading to a generalized BdG equation, and how it provides a mass to the quasi-particles. In the second section, we focus on identifying the analogue of the gravitational potential and we show that it has to be identified with inhomogeneities in the condensate density. We then show that the BdG equation can be cast in a form that closely mimic a Poisson equation. By looking at different sources we shall then identify the analogue of the Newton constant (and its possible dependence on the momentum of the quasi-particles) as well as the cosmological constant. The final outcome of our analysis is that the gravitodynamics of the BEC with massive quasi-particles is encoded in a modified Poisson equation characterized by two main features. First gravity is of very short range, i.e. a localized particle generates a Yukawa type potential. Secondly the cosmological constant naturally appears from the non-condensed fraction of atoms in the quasi-particle vacuum.
I. A MODIFIED BEC
Let us start recalling the standard setup for a BEC of many atoms in a box of volume V , in the dilute gas approximation. In this limit it is possible to describe the atoms via a second-quantized field operator
whose evolution is encoded in the HamiltonianĤ 0 [11]
which generates the standard non-linear equation
The operatorΨ has dimension L −3/2 : the quantum average of its modulus square on a given state represents the number density of atoms. The mass m is the mass of the atoms. The energy µ is the chemical potential and
, represents the strength of the two-bodies interaction between atoms. We neglect higher order contributions to the second quantized Hamiltonian.
While the condensation process can be easily understood as a macroscopic occupation number of an energy level, there are several approaches to describe it mathematically. The mean field approach is particularly convenient: we say that the system of N bosons has condensed whenever the fieldΨ develops a non-zero vacuum expectation value (vev)
where ψ is a classical complex field describing the condensate and it is sometimes called the condensate wave-function. If this mean field is non-vanishing, we have that the two point correlation function
tends to a non-zero constant when x, y are infinitely separated, i.e. the system develops long range correlations [11] . However, the mean field approximation is not the most rigorous method to treat a BEC system. In particular, the particle-number-conserving approach has been proven to give more accurate predictions for the physical properties of the condensate in settings in which the number of atoms, N , is fixed. This dimensionless quantity, then, is used to expand systematically the equation for the evolution of the operatorΨ, in powers of N 1/2 . While this method was shown to provide a more accurate description of BEC systems, it has also shown that the mean field approximation gives already very good predictions for quasi-static configurations [12] .
In this paper, we consider an idealized case where the confining potential is almost constant, both in space and in time. Moreover, we neglect boundary effects due to the finite size of the trap, and we assume that all the other experimental parameters are weakly time-dependent. In this case, then, the mean field approximation is well motivated.
In order to derive the properties of the BEC, we split the field operator in the condensate part ψ (the mean field) and an operatorχ representing the atoms which are not in the condensate:
and use this form of the operator in the evolution equation (3) . For the reasons discussed in the Introduction and further analyzed in section II, we need to slightly modify the standard Hamiltonian H 0 by introducing a term which is (softly) breaking the U (1) symmetry in (3) .
The parameter λ has the same dimension as µ. With this new Hamiltonian, the non-linear equation (3) becomes
We shall show in section (I B) thatĤ λ generates a mass for the quasi-particle 2 . Even thoughĤ λ both creates and destroys pairs of atoms, it is not difficult to check thatĤ λ is not commuting with the number operatorN ,
while unitarity is preserved. In fact, when applied on a state with a definite number of atoms n we have:
which means that an eigenstate of the number operator is taken into a superposition of states with different occupation numbers 3 . However, the expectation value of the number of operator on its eigenstates is still constant
Finally, we want to discuss some plausible physical setup corresponding to the U (1) symmetry breaking in BECs. Given the relationship existing between the Hamiltonian (7) and the number operator, a natural situation would be represented by a condensate which is able to exchange particles with some sort of reservoir, in such a way to preserve, on average, their number. Several settings in this sense could be conceived, e.g. with coupling with suitably tuned lasers. Another interesting concrete example is represented by the case of magnon condensates, see [13] and references therein.
A. Condensate
We consider the dynamics generated by (8) , from which we want to extract the equation of motion for the condensate ψ. The evolution of the mean field ψ is easily determined in terms of the eigenstates |E of the HamiltonianĤ:
where m E = E|χ 2 |E , n E = E|χ †χ |E encode the effect of the non-condensate atoms. This is the generalization of the Bogoliubov-de Gennes (BdG) equation for the condensate wave-function to the case λ = 0.
If we have N particles 4 in the condensate, the number density of the non-condensate fraction is of order 1/N with respect to the number density of the condensate. In particular, the terms m, n are of order 1/N . At zeroth order, we have the generalization of the Gross-Pitaevskii (GP) equation:
The time independent homogeneous solution to the GP equation is
where we have fixed the phase of the condensate to be zero 5 . We define the healing length ξ as the length scale at which the kinetic term is of the order of the self-interaction term:
This length represents the spatial scale needed for the condensate to pass from the value n c = 0 at the boundary of the region where it is confined to the bulk value n c . In other words it represents the scale of the dynamical processes involving the deformation of the condensate wavefunction.
B. Quasi-particles
The equation of motion for the particles out of the condensate is obtained by subtracting the equation for the condensate (13) from the equation forΨ given in (8) . We are interested in the propagating modes, so we neglect the self-interactions. We obtain:
Let us consider the case of homogeneous condensate with density n c given above. In this situation we have:
If we decompose the fieldχ in its plane wave components, we can rewrite this equation as
The mixing betweenâ andâ † due to the evolution in time becomes then apparent. We therefore pass to the quasiparticle operatorsφ(x)φ
which are related to the particle operators through the Bogoliubov transformation
α, β are only functions of k = | k|, since the condensate is homogeneous and isotropic. The equation of evolution for the quasi-particles is then given by
with the energy
The Bogoliubov coefficients are given by:
where we have introduced the quantity
The high energy limit of these coefficients is:
which means that at large wave-number (and hence large momentum), the quasi-particle operators coincide with the particle operators. This matches the behavior of the energy, which becomes just the energy of a non-relativistic particle of mass m, just like a free atom. The dispersion relation (22) suggests the introduction of the following quantities:
c s plays the role of the speed of sound, while M plays the role of a rest mass for the quasi-particle. Since M is proportional to λ, we clearly see that it is the termĤ λ that generates the mass of the quasi-particle. When λ → 0, that is whenĤ →Ĥ 0 , the quasi-particle becomes massless, i.e. a phonon, and the speed of sound reduces to the usual one in BEC. Notice that, in order to have a non-negative mass square, we have to require λ ≥ 0. In standard BEC, we usually assume that the chemical potential µ is positive: indeed if it was not positive, there couldn't be any condensation. In our case, we can relax this requirement and obtain that µ > −λ as a condition. In the following we consider µ > 0, in order to be able to consider the case in which the correction we are inserting is very small, without affecting dramatically the condensation. Indeed, it is easy to see that a condensation can take place in the system with a soft U (1) breaking by checking the behavior of the two points correlation function G(x, y) = Ψ † (x)Ψ(y) , which is still showing the presence of long range correlations, since the mean field ψ is non-vanishing (cf. equation (14)). M is proportional to m, the mass of the atoms. By introducing the ratio ζ = λ/µ, we introduce the function F (ζ)
Under our assumptions, we have that ζ ≥ 0. It is then straightforward to check that on this domain F (ζ) is a monotonic (increasing) function and that
We conclude therefore that the mass of the quasi-particles M is always bounded by the mass of the atoms, M ∈ [0, m).
It is also interesting to notice that using the variable ζ, the speed of sound is:
For ζ small, we then have c 
C. The various regimes for the MDR
Before moving on to the gravitational dynamics, let us discuss briefly the content of the dispersion relation (22) for the quasi-particles, rewritten using c s and M.
where we are using the obvious notation p = k to simplify the shape of the expressions. Let us define the characteristic momenta p A , p B and p C such that
so that they are explicitly
They are related through the relations
If ζ ≪ 1, which will be the regime we shall consider, we have also that
Taking into account (30), the characteristic momenta define different regimes:
• If p ≫ p A , the term p 4 dominates, the dispersion relation (29) is well approximated by E ∼ p 2 /2m, we are in the transphononic regime.
• If on the contrary we have p C ≪ p ≪ p A , we can safely neglect the term of order p 4 , we are then in the relativistic regime since the dispersion relation (29) is well approximated by E ∼ (p 2 c
2 . The quasi-particle is then relativistic, when the speed of sound c s is playing the role of the speed of light.
• If we are in the regime where p ≪ p C , this means that the quasiparticle has a speed much smaller than c s , so that this is the Galilean limit of the relativistic regime. We are then dealing with a Galilean quasi-particle. The rest mass Mc 
II. GRAVITATIONAL DYNAMICS
Since we have described the physics of the system in the case of homogeneous condensate ψ, we can now pass to study the inhomogeneous one, and hence the emergence of a gravitational dynamics. We are going to consider condensates which are nearly, but not exactly, homogeneous: this will correspond to the case of weak gravitational field.
In a curved spacetime, the identification of the Newtonian gravitational potential requires a non-relativistic limit of the geodesic equation in a weak gravitational field [14] . For instance, in asymptotically flat spacetimes, there is a coordinate system such that the metric, in the asymptotic region, can be written as g µν = η µν + h µν , where h µν encodes the deviation from flatness, i.e. the gravitational field. In this regime, it is possible to show that the Newtonian gravitational field is identified with the component h 00 :
It is well known that in the context of standard BEC (i.e. dealing with the non-linear equation (3)), the quasi-particles travel in an emergent metric ds 2 determined in terms of the homogenous condensate ψ [5] .
where
Considering that the condensate is homogenous, the density and velocity profiles become constant, i.e. respectively n c = n ∞ , v = v ∞ . With the coordinate transformation,
the line element (32) is rewritten as:
The condition of asymptotic flatness for spacetimes can be translated with the condition of asymptotic homogeneity for the condensate. We require then that only in a small region of space, in the bulk, the condensate deviates from perfect homogeneity. We consider therefore some small deviation from the asymptotic values of the velocity and of the density:
This implies in particular a rescaling of the speed of sound.
The acoustic line element (32) becomes then
where we have introduced a constant prefactor mc ∞ /n ∞ in order to have the conformal factor asymptotically normalized to one. Using (35), together with the coordinate change (33), the acoustic line element has the form:
at first order in u, w i . Consequently, we see that
so that the gravitational field is encoded in the density perturbation of the condensate wave-function ψ,
while it is independent from velocity perturbations. In light of this discussion, we shall discuss situations in which the condensate wavefunction has a constant phase, while its modulus slightly deviates from perfect homogeneity. In order to stay as close as possible to the case of the standard BEC analysis we have just presented, it is convenient to introduce the parametrization:
where u(x) is dimensionless and it is assumed to be very small. In practice, we will assume that it is associated with a localized inhomogeneity of the condensate. At infinity (i.e. at the boundary) we ask that u → 0.
A. Identifying the gravitational potential for the quasi-particles
First of all we want to see if there is a term in the equation of motion for quasi-particles (16) , which can be identified as an external potential term. This will allow us to identify the gravitational degrees of freedom. We have seen in the previous section that they should be encoded in the condensate wave-function ψ. We note however that the dynamics of ψ is essentially non relativistic (c.f. (12)). We are therefore looking for a Newtonian type of gravity. To identify the Newton potential, we therefore need to look at the Galilean regime for matter, i.e. in the regime where the momentum p of the quasi-particle is such that p ≪ p C (c.f. section I C).
Note that the usual BEC construction given in (3) gives rise to massless particles. However these latter cannot be handled in the context of Galilean mechanics. It is then not clear at all how one can identify a Poisson like equation for gravity in this case. To solve this issue, we have introduced H λ in order to generate a non zero mass for the quasi-particle. We can therefore now consider the quasi-particle as a possible source to the Newtonian gravitational potential.
To do identify the Newton potential, we repeat the diagonalization of the Hamiltonian in (16) for the field χ, now including the fluctuations of the condensate. In this case, the diagonalization procedure is more involved: we have to deal with the non-commuting operators ∇ 2 and u. We can not perform it in an exact way. However, we are interested in the Galilean regime for the quasi-particle spectrum, when p C ≫ p. It is then a reasonable approximation to neglect all the terms involving the commutators [p 2 /2m, u(x)], which are largely suppressed (with respect to the other terms appearing in the equations) by the mass of the atoms and from the smallness of u(x).
With these simplifying assumptions, the Hamiltonian for the quasi-particles in the non-relativistic limit iŝ
where the mass of the quasi-particle M and for the speed of sound c s are given in (26). We first recognize the constant shift Mc 2 s of the energy due to the rest mass in the Galilean regime. This term is not affecting the discussion in any ways and can be eliminated. The term proportional to u(x) can be clearly interpreted as an external potential. If we want to identify it with the gravitational potential Φ grav , we need to have
where M is the mass of the quasi-particles. Note that this identification is formal, and relies on the way in which the gravitational potential enters the Schroedinger equation for a non-relativistic quantum particle. We should always work with u: our definition of Φ grav is dictated from the analogy we want to make with Newtonian gravity. For instance, we see that this definition becomes singular when we deal with massless quasi-particles, i.e. when λ → 0.
B. (Modified) Poisson equation
Now that we have identified a candidate for the Newton potential Φ grav from the quasi-particles dynamics, we need to check that it satisfies some sort of Poisson equation. Since the gravitational potential is deduced from ψ -as small deviations from perfect homogeneity (c.f. (40)) -the Poisson equation should be deduced from the BdG equation (12) . With the natural assumption that the potential is reacting instantaneously to the change of distribution of matter, we can neglect the time derivative and (12) becomes
We have seen in section I A that the terms m(x) and n(x) are functions of the atomsχ outside the condensate and therefore of the quasi-particleφ, through the Bogoloubov transformation (20). They can be therefore interpreted as the source in the (modified) Poisson equation. We examine now different types of source: either localized particles or plane-waves.
Localized sources
The most natural source to consider for the Poisson equation is a single quasi-particleφ at a given position x 0 . However, point-like particles give rise to divergences. We consider therefore a quasi-particle which is localized around the point x 0 , with a non-zero spread to regularize these divergencies. We consider a quasi-particle in a state of the form:
ζ x0 encodes the spreading of the particle around x 0 since
We can now determine the value for the anomalous mass m and anomalous densities n when the quasi-particle is in the state |ζ x0 . An explicit calculation, given in the appendix B, gives
where we have introduced the functions f , g depending on the Bogoliubov coefficients α and β
The quantities n Ω and m Ω with
are vacuum contributions independent from the presence of actual quasi-particles. They are related to the inequivalence of the particle and quasi-particle vacua, and it can be easily seen that:
The functions f, g encode the fact that quasi-particles are collective degrees of freedom and therefore intrinsically some non-local objects. This non-locality is precisely encoded in the Bogoliubov transformation (20). Quasi-particles and atoms (i.e. local particles) coincide only if we have α(k) = 1, β(k) = 0, and therefore f (x) = δ 3 (x), while g(x) = 0. Since this is not the case, the anomalous mass and the anomalous density will show an intrinsic nonlocality. The spreading characterized by |ζ x0 encodes some extra non-local effect, i.e. the quasi-particle is in some sense an extended object. It was however introduced by hand, for a regularization purpose and therefore is not fundamental as the non-locality introduced by the Bogoliubov transformation.
The equation (43) becomes then:
where we have introduced the quantities
which represent the contribution of actual quasi-particles to the anomalous density and anomalous mass, respectively. By dimensional analysis, the terms n, m have the dimensions of a number density. Since in Newtonian gravity the source for the gravitational field is a mass density, we introduce the mass density distribution:
With this definition, we can rewrite (51) as an equation for the field Φ grav :
where we have defined
This particular choice of notation is motivated by the comparison of (54) with the Newtonian limit of Einstein equations with a cosmological constant (see, for instance, Eq. (9) of reference [15] ). For this reason, we can identify these three quantities as the analogous of the Newton constant, the analogous of the cosmological constant and a length scale which represents the range of the interaction, as we are going to discuss below. To get a better grasp of the physics of the modified Poisson equation (54), we can look at its solution for a given distribution of quasi-particle ρ matter .
As it is well known, a solution for the equation
is given by the Yukawa potential
On the other hand, a solution for the equation
is just given by the constant solution
The linearity of equation (54) allows us to use these results to write down a solution for a generic distribution of matter (i.e. quasi-particles) as
Solutions of (54) are therefore constructed from the Yukawa potential smeared out due to the non-locality of the quasiparticle (with an extra global shift due to the cosmological constant). The Yukawa potential is typically encoding some short range interaction, characterized by the scale L which is simply related to the healing length (15),
Although this a very short range for the gravitational interaction, this outcome should not come as a surprise. In fact, the healing length (c.f. (15)) characterizes the typical length over which a condensate can adjust to density gradients. Since density inhomogeneities encode the gravitational interaction, one should expect them to be damped over a distance of the order the healing length. In the context of relativistic field theory, the short interaction scale for gravity would be translated in a massive graviton, with mass given by
We can then compare the masses of the quasi-particles M, graviton M grav and atoms m,
which shows the hierarchy of the energy scales present in this system. We notice that the graviton is then always more massive than the quasi-particles, and that this interaction is of very short range, since the ξ is much shorter than the acoustic Compton length 6 of the quasi-particles. In particular, we cannot tune the parameters of the system in such a way to make M grav arbitrarily small, in order to be closer to reality.
Plane waves
While a quasi-particle localized in a given point in space is certainly the most natural source for gravity from the Newtonian perspective, it is interesting also to see what happens when instead we consider quasi-particles with a definite momentum p = k. Let us focus first on the special case of a 1-particle state with momentum p, that is |p =b † k |Ω . The anomalous mass and the anomalous densities become then
To express them in terms of quasi-particles, we need to perform the Bogoliubov transformations (20). As we recalled in the previous section, we can not specify these transformations exactly, due to the presence of the potential u. However, the corrections to the Bogoliubov coefficients α(k), β(k), evaluated in the case u = 0 in (23), provide corrections to the expressions of n and m which are relevant only beyond the linear order in u, which means beyond the approximation we are using. We can then safely neglect these corrections. Using the Bogoliubov transformation, we obtain explicitely
where we recognize the contribution of the vacuum n Ω , m Ω . The generalization to the case of states containing a definite number of quasi-particles with a given momentum follows in the same way. For these states denoted as |n(k 1 ), ..., n(k n ) , one obtains:
In all these expressions, besides the Bogoliubov coefficients, we recognize the terms n(k i )/V , which are the number densities of quasi-particles in a given eigenstate of momentum. These number densities, however, are not giving immediately the source term to be inserted into (54), since they are weighted by the Bogoliubov coefficients. This is the representation, in momentum space, of the non-locality we have discussed in position space. We rewrite (54) with a source term made by a single particle with a given momentum p = k.
where we have ρ matter = M/V since we have just one particle of mass M, while Λ, L are defined as in (55)-(56). We encode the effect of the Bogoliubov coefficients, and hence of non-locality, in the "running" Newton constant
The discussion of the solution to this equation is even simpler than the localized state, given that the source term is just constant. Consequently, Φ grav = const is a solution as in the case with purely vacuum contribution. For what concerns the physical effects of this kind of gravitational field, we have to plug this constant solution into (41): this amounts just to a shift of the energy, which is, however, momentum dependent, leading to observable relative energy shifts if different momenta are considered.
Conclusions and Remarks
In an analogue gravity model based on a BEC system, the degrees of freedom are separated into the atoms that condense and the one which do not. Quasi-particles are then collective degrees of freedom constructed from the un-condensed atoms. The dynamics of the quasi-particles is encoded, in a given regime, as particles propagating in a curved spacetime metric, which is characterized by the the density n c and the velocity profile v of the condensate. In this sense, we can expect that gravitational degrees of freedom are encoded in the condensate. Dynamics of the latter is encoded in the BdG equation (12) , which is essentially Galilean. Hence, we can not expect to recover the Einstein equations in this context [10] . Nonetheless, one can still try to interpret (12) as some sort of Poisson equation for some type of Newtonian gravity.
However, quasi-particles are massless in usual BEC systems and hence they cannot be considered as sources for the gravitational field in the Poisson equation. We introduced therefore a new termĤ λ in the dynamics of the BEC which softly breaks the U (1) symmetry and consequently, as we showed in section I B, generates a mass gap for the quasi-particles. We showed explicitly that the presence of this small symmetry breaking term does not prevent a condensation from happening and still allows a mean field description (which is sufficiently accurate for our purposes). Then, following the usual General Relativity argument, we have argued, in section (II), that the Newtonian potential Φ N has to be related to small inhomogeneities in the condensate density (while perturbations in the velocity profile do not contribute at first order as gravitational degrees of freedom). This conjecture, based on the analysis of a standard BEC system, was then confirmed by a specific analysis of the modified BEC dynamics for an almost homogenous condensate.
The end point of this investigation can be then summarized in the following two equations
where M is the mass of the quasi-particle acquired via the soft U (1) symmetry breaking induced by (7), L is proportional to the healing length, Λ plays the role of the cosmological constant and G N is an effective coupling constant that depends on the condensate microphysics and the form of the matter source.
For what regards the latter we have considered two cases: a localized quasi-particle state and a set of plane waves. In the first case the analogue Newton constant is indeed momentum and position independent and the solution of the modified Poisson equation (69), has the form of a smeared Yukawa potential. The smearing is due to the fact that quasi-particles are intrinsically non-local objects, being collective degrees of freedom. When considering plane-waves as sources, we have instead that, due to the momentum dependence of the Bogoliubov transformation, G N is running with the momentum and the solution for the gravitational potential is a constant (albeit a different one for different momenta). One should however be careful: while it is common in quantum field theory (QFT) to encounter the notion of running coupling constants, the origin of the running here is rather peculiar. Indeed, in QFT the running is due to quantum corrections to the tree level/classical action, here the running is due to the inequivalence between the ground state of the Fock spaces of atoms and quasi-particles. Paraphrasing what has been done in the context of emergent geometry, where the notion of "rainbow geometry" has been introduced, we could speak about "rainbow dynamics".
We have also obtained naturally a cosmological constant in the model: vacuum gravitates. It is induced by the terms Ω|χ †χ |Ω , Ω|χχ|Ω , where Ω is the state with no quasi-particles. It is entirely due to the (unavoidable) inequivalence between the quasi-particle vacuum and the particle vacuum and cannot be put to zero just tuning the parameters. It represents an interesting alternative to known mechanisms to generate a cosmological constant (see also [16] for similar ideas about the nature of the vacuum energy in condensed matter systems).
In conclusion, BEC as an analogue model for gravity presents therefore many differences with a realistic gravity theory. One should not be deceived by this result, as it would have been a preposterous expectation to recover Einstein General Relativity in a Bose Einstein Condensate. The model is however interesting per se as it still encodes a modified Poisson equation and hence provides new insights on the possible origin of the cosmological and Newton constants in emergent gravity scenarios.
As a future development of this investigation, it might be interesting to analyze a 2-BEC model [17] : in fact in this case one could treat a multi-particle system whose richness could allow a closer mimicking of Newtonian gravity. However, the fact that emergent gravity has to be Newtonian in a BEC based analogue model seems to be unavoidable since the gravitational potential depends on the condensate, which is typically described by non-relativistic equations. A possible way to avoid this issue is either to consider relativistic BEC [18] (however in this case we would still expect to get only some type of scalar gravity), or to change completely paradigm and identify gravity not in the condensate but among the perturbations around the condensate (see for example [19] ). We leave these ideas for further investigations.
